We study systematically the possibility for realizing realistic values of quark mass ratios m c /m t and m s /m b and the mixing angle V cb by using only renormalizable Yukawa couplings derived from heterotic orbifold models. We assume one pair of up and down sector Higgs fields. We show realistic examples including hierarchical and democratic forms of Yukawa matrices.
Introduction
What is the origin of fermion masses and mixing angles is one of important issues in particle physics. They are determined by Yukawa couplings within the framework of the standard model as well as its extension. In a sense, O(1) of Yukawa couplings seem natural. From this viewpoint, how to derive hierarchically suppressed Yukawa couplings is a key-point in understanding the hierarchy of fermion masses and mixing angles.
Superstring theory is a promising candidate for unified theory. Thus, it must predict fermion masses and mixing angles. Actually, Yukawa couplings have been studied in several types of 4D string models, that is, selection rules have been investigated and O(1) of Yukawa couplings have been calculated explicitly in many 4D string models. Among them, heterotic orbifold models [1] as well as intersecting D-brane models are interesting, because they lead to suppressed Yukawa couplings depending on moduli [2, 3, 4] . Calculations of such moduli-dependent Yukawa couplings are possible in orbifold models [2, 3, 5, 6] , since string theory can be solved on orbifolds. Calculations of Yukawa couplings in intersecting D-brane models are similar to those in heterotic orbifold models [7, 8, 9] . Furthermore, the selection rule due to space group invariance in orbifold models seems unique [2, 10, 11] , e.g. compared with Z N discrete symmetries. It allows non-trivially off-diagonal couplings. Hence, orbifold models have a possibility for leading to realistic mixing angles as well as fermion masses. On the other hand, the selection rule for allowed couplings in intersecting D-brane models is modeldependent. As much as we are aware, there are no intersecting D-brane models with realistic values of mixing angles at tree-level with the minimal number of Higgs fields. Therefore, it is important to study systematically the possibility for leading to realistic fermion masses and mixing angles in heterotic orbifold models.
Indeed, a similar study has been done in Ref. [12] . However, the analysis in Ref. [12] concentrated rather only to the second and third diagonal elements of Yukawa matrices, that is, the mass ratios between the second and third families. The other entries were assumed to be generated through higher dimensional operators like the Froggatt-Nielsen mechanism. Indeed, it is plausible that nonrenormalizable couplings play a role for suppressed entries in Yukawa matrices. However, in realistic patterns of Yukawa matrices, the (2,3) and (3, 2) entries are the same as or larger than the (2,2) entries. Thus, if we assume that the (2,2) entries are originated from stringy renormalizable couplings, it is natural to expect the (2, 3) and (3, 2) entries are also obtained as stringy renormalizable couplings. In this paper we study the possibility for predicting a realistic mixing angle as well as mass ratios. We concentrate ourselves mainly to (2 × 2) sub-matrices of the second and third quark families. We study systematically the possibility for obtaining realistic values of V cb and mass ratios m c /m t and m s /m b . Then, we will show examples to lead to them. To our knowledge, our result is the first examples, which show explicitly the possibility for predicting realistic values of mixing angles by use of only renormalizable couplings in string models, when we consider a pair of up and down Higgs fields, although already there are proposals to introduce more Higgs fields to lead to realistic Yukawa matrices [13] .
2 Orbifold models and selection rule
Fixed points and twisted sectors
Here we give a brief review on the structure of fixed points on orbifolds and corresponding twisted states. (See for their details Ref. [10, 11] .) An orbifold is defined as a division of a torus by a discrete rotation, i.e., a twist θ. For example, the 2D Z 3 orbifold is obtained by dividing R 2 by the SU(3) root lattice and its automorphism θ, that is, the Coxeter element of SU(3) algebra, which transforms the SU(3) simple roots e 1 and e 2 ,
Thus, the twist θ is the Z 3 rotation. Similarly, the 2D Z 6 orbifold is obtained as a division of R 2 by the G 2 lattice and the G 2 Coxeter element, which transforms the G 2 simple roots e 1 and e 2 ,
that is, the Z 6 twist. The 6D Z 3 orbifold is a direct product of three 2D Z 3 orbifolds. Similarly, the so-called 6D Z 6 -I orbifold is a direct product of two 2D Z 6 orbifolds and one 2D Z 3 orbifold, that is, eigenvalues of its twist θ are obtained as θ = diag(e 2πi/6 , e 2πi/6 , e −2πi/3 ). Other 6D orbifolds are also defined in the same way as a division of R 6 by a Lie lattice Λ and its Coxeter element θ. 4 On an orbifold, there are two types of closed strings. One type is untwisted strings, which are closed before orbifold twisting, and the other type is twisted strings. The latter plays a important role here and has the following twisted boundary condition,
where e i is the lattice vector defining Λ and n is an integer. Thus, ground states of θ k twisted sectors are assigned with fixed points f on the orbifold, which are defined as
This fixed point f is presented by the corresponding space group element (θ k , ne i ). For example, the 2D Z 3 orbifold has three fixed points under θ, and those are obtained as
in the SU(3) simple root basis, up to (1 − θ)Λ SU (3) . Furthermore, those are denoted as g (n)
where n = 0, 1, 2. The corresponding twisted grounds states are obtained as |g (n) Z 3 ,1 with n = 0, 1, 2. Twenty seven fixed points on the 6D Z 3 orbifold are obtained as direct products of three fixed points on the 2D orbifolds as g (n)
where n, n ′ , n ′′ = 0, 1, 2, and moreover the corresponding twisted ground states are denoted as |g (n)
θ 2 -twisted states are CPT conjugates of θ-twisted states. Similarly, fixed points on the 2D Z 6 orbifold are obtained. There is only one fixed point under θ on the 2D Z 6 orbifold, that is,
in the G 2 simple root basis. Furthermore, there are three fixed points under θ 2 ,
Z 6 ,2 = (0, 2/3).
Recall that these fixed points are defined up to the G 2 lattice. 5 The corresponding three twisted ground states are denoted as |g (i) Z 6 ,2 . However, note that all of three points g 
up to a normalization factor, with the eigenvalues γ = ±1, while the state |g corresponding to the fixed point g
Z 6 ,2 is a θ-eigenstate. 5 For example, for the fixed point g
Z6,2 = (0, 2/3), it is often useful to use the following point, g
Z6,2 = (1, 2/3), in order to calculate Yukawa couplings, because this point is closer to the origin than (0, 2/3) and we have exactly θ(0, 1/3) = (1, 2/3).
In addition, there are four fixed points under θ 3 ,
Recall again that these fixed points are defined up to the G 2 lattice. 6 Not all of four points are fixed under θ. The θ-eigenstates for each G 2 part are obtained as
up to a normalization factor, where γ = 1, ω, ω 2 with ω = e 2πi/3 . Fixed points and twisted ground states for the 6D Z 6 -I orbifold are obtained as direct products of two 2D Z 6 orbifolds and one 2D Z 3 orbifold. The θ twisted sector has the following fixed points,
for i = 0, 1, 2, and the corresponding ground states are denoted as
The θ 2 twisted sector has the following fixed points,
for i, i ′ , j = 0, 1, 2. The θ-eigenstates are obtained as
|g (1)
The θ 3 twisted sector has the following fixed points,
for m, m ′ = 0, 1, 2, 3. The θ-eigenstates are obtained as
Similarly, we can study fixed points and the structure of ground states for other Z N orbifolds, and those are explicitly shown in Ref. [10, 11] . In what follows, the θ k twisted sector of Z N orbifold models is denoted asT k . 6 For Yukawa calculations, the following fixed points are often useful, g
Z6,3 = (0, 0), g
Z6,3 = (1, 1/2), g
Z6,3 = (1/2, 0), g
Z6,3 = (1/2, 1/2).
Selection rule
Here we give a brief review on the selection rule for Yukawa couplings in orbifold models. (See for their details Ref. [10, 11] .) The fixed point f is denoted by its space group element, (θ k , (1 − θ k )f ), as said in the previous subsection. Thus, the three states corresponding to three fixed points (
, that is, they belong to the same conjugacy class. Thus, the Yukawa coupling among three states is allowed if
This is called the space group selection rule [2] . That includes the point group selection rule, which requires a product of twists, i θ k i , to be identity. For example, let us consider theT 1T1T1 coupling in the Z 3 orbifold models. TheT 1 sector of the 2D orbifold has three fixed points, g
Z3,1 (i = 0, 1, 2), and three states corresponding fixed points g
Z3,1 can couple when the following equation is satisfied,
Hence, couplings on the 2D Z 3 orbifold are diagonal, that is, when we choose two states, the other state, which is allowed to couple with them, is fixed uniquely.
Since theT 1 sector on the 6D Z 3 orbifold is obtained as a direct product of those on the 2D Z 3 , all of Yukawa couplings on the 6D Z 3 orbifold are diagonal. Therefore, we always obtain the following form of Yukawa matrix,
when we consider only one pair of up and down Higgs fields. Thus, in this type of models we can not derive non-vanishing mixing angles. All of Z N orbifold models with N = 1 4D supersymmetry are classified as Z 3 , Z 4 , Z 6 -I, Z 6 -II, Z 7 , Z 8 -I, Z 8 -II, Z 12 -I and Z 12 -II orbifolds [1, 15, 16] . The situation in Z 7 orbifold models is the same as one in Z 3 orbifold models, and one can not derive non-vanishing mixing angles only with renormalizable couplings and the minimal number of up and down Higgs fields. However, the situation is different for non-prime order orbifold models, and off-diagonal couplings are allowed. For example, let us consider Z 6 -I orbifold models. The 6D Z 6 -I orbifold consists of G 2 × G 2 × SU(3) part. The SU(3) part is the same as the Z 3 orbifold, and only diagonal couplings are allowed. Thus, this part is irrelevant to us, and we concentrate to the G 2 × G 2 part. Among Yukawa couplings of twisted sectors, the point group selection rule and H-momentum conservation [17] allow only the following couplings [14] ,
For theT 1T2T3 couplings, the space group selection rule requires only that the product of θ-eigenvalues among coupling states must be equal to identity, that is, γ = 1. Thus, the twisted states relevant to allowedT 1T2T3 couplings are the singleT 1 state, |g ≡ |g
where γ = 1, ω, ω 2 . Hence, in the case that fermions are assigned withT 2 and T 3 sectors and the Higgs is assigned withT 1 , one can obtain non-trivial Yukawa matrices for three flavors, whose determinant does not vanish and diagonalizing matrix is not identity. On the other hand, the space group selection for theT 2T2T2 couplings is exactly the same as one ofT 1T1T1 coupling in Z 3 orbifold models. For theT 2T2T2 coupling, we always have the diagonal form of Yukawa matrices (22) . However, if one of up and down quark sectors have a off-diagonal form by theT 1T2T3 couplings, a diagonal form for the other sector is acceptable to lead to realistic Yukawa matrices. Such possibilities will be included in our systematical analysis.
We give a comment on the third plane, again. In order to allow Yukawa couplings throughT 1T2T3 couplings, we have to assign the same fixed point on the SU(3) plane forT 1 andT 2 , while the SU(3) part is the fixed torus forT 3 . In this case, we just have O(1) contribute, which are universal to different flavors. That implies that also forT 2T2T2 couplings the contribution from the third part is universal, because we have to assign all of three families of left-handed quarks to the same fixed point on the third plane. That leads to an overall suppression factor or an overall factor of O(1). Anyway, that does not contribute to the mixing angles or ratios of fermion masses. We neglect this part, and concentrate to the G 2 × G 2 part for theT 2T2T2 couplings, too. Actually, in the following section we assume all of relevant modes correspond to the same fixed point on the SU(3) plane.
Similarly, we can study Yukawa couplings for other non-prime order Z N orbifold models. In general, they allow off-diagonal couplings. The numbers of twisted states relevant to allowed off-diagonal couplings in Z 4 , Z 6 -II, Z 8 -II Z 12 -II orbifold models are smaller than one in Z 6 -I orbifold models. In the next subsection, we will mention our reason why we do not study Z 8 -I or Z 12 -I orbifold models. Thus, here we concentrate ourselves to analysis on Yukawa matrices in Z 6 -I models. Yukawa matrices in other orbifold models will be studied systematically elsewhere.
Yukawa couplings
The strength of Yukawa couplings has been calculated by use of 2D conformal field theory. It depends on locations of fixed points. The Yukawa coupling strength of theT 1T2T3 coupling in Z 6 -I orbifold models is obtained for the G 2 × G 2 part as [2, 3, 5, 11 ]
up to an overall normalization factor, where
in the G 2 × G 2 root basis. Here, f 2 and f 3 denote fixed points ofT 2 andT 3 sectors, respectively, and R i corresponds to the radius of the i-th torus, which can be written as a real part of the i-th Kähler moduli T i up to a constant factor 7 , and the imaginary part of T i can lead to CP phases. However, we will concentrate ourselves to the (2 × 2) sub-matrices. On the other hand, the full (3 × 3) matrices are necessary to study physical CP phase. Thus, we do not consider imaginary parts of the Kähler moduli. 8 The states with fixed points in the same conjugacy class contribute to the Yukawa coupling. Thus, we take summation of those contributions in eq. (27). However, the states corresponding to the nearest fixed points (f 2 , f 3 ) contribute dominantly to the Yukawa coupling for a large value of 7 See Ref. [18] for the proper normalization of the moduli and Yukawa couplings such that the transformation T ℓ → T ℓ + i is a symmetry, that is, we have the relation Re(T i ) = √ 3R 2 i /(16π 2 ). 8 Yukawa couplings also depend on other moduli, e.g. continuous Wilson line moduli, but here we consider only the dependence of R i . R i . Hence, we calculate Yukawa couplings for the nearest fixed points (f 2 , f 3 ). We will give a comment on this point after showing examples in the next section.
Similarly, the strength ofT 2T2T2 Yukawa couplings is obtained as
where M is the same matrix as Eq.(28). Here, f 2 and f 3 denote two of three fixed points inT 2 sectors. Recall that when we choose two states, the other state, which is allowed to couple, is uniquely fixed.
Here, we give a comment on the Kähler metric. It also depends on R i , but its R i dependence is the same for aT k sector, while that is different from anotherT ℓ sector (k = ℓ). Thus, the R i dependence in the Kähler metric is relevant only to the overall magnitude of Yukawa matrices, 9 but irrelevant to fermion mass ratios and mixing angles when three families of quarks with the same SU(3) × SU(2) × U(1) Y quantum numbers are assigned with one ofT k sectors. Therefore, only two parameters, R 1 and R 2 , are relevant to fermion mass ratios and mixing angles.
Similarly, we can calculate Yukawa couplings in generic orbifold models, and those for all of Z N orbifold models are shown in Ref. [11] . Off-diagonal couplings are originated from the SO(9) lattice part for the Z 8 -I orbifold and the F 4 lattice part for the Z 12 -II orbifold. Thus, in these models only one parameter, say R 2 1 , corresponding to the volume of the SO(9) torus or the F 4 torus is relevant to mass ratios and mixing angles, while in Z 6 -I models two parameters R 2 1 and R 2 2 are relevant. That is the reason why we concentrate ourselves to Z 6 -I orbifold models here, but we will study other Z N orbifold models elsewhere.
Quark masses and mixing angles
Here we study systematically the possibilities for leading to realistic quark masses and the mixing angle for the second and third families in Z 6 -I orbifold models by use of the structure of fixed points and the strength of Yukawa couplings explained in the previous section. We assume the minimal number of up and down Higgs fields. Concerned about the other entries of Yukawa matrices, we 9 To be explicit, theT 1T2T3 couplings have the factor 4Re(T 1 )Re(T 2 )(2Re(T 3 )) 1/2 due to the normalization of the Kähler metric, and theT 2T2T2 couplings have the factor 8Re(T 1 )Re(T 2 )Re(T 3 ) due to the normalization of the Kähler metric. Furthermore, Yukawa couplingsŶ ijk in global supersymmetric models are related with Yukawa couplings Y (SUGRA) ijk in supergravity asŶ ijk = Y (SUGRA) ijk e K /2 up to Kähler metric [19] . Here, K is the Kähler potential and obtained as K = − i ln(T i +T i ) + · · ·, where ellipsis denotes the contributions due to other fields with large vacuum expectation values. Hence, the Kähler potential K itself is also relevant to the overall magnitude of Yukawa matrices, but irrelevant to mass ratios and mixing angles. [20] , and the CKM matrix elements from Ref. [21] . (See also Ref. [22] .) We supposed that V ub were real in the analysis. Table 1 , and the ratios of running masses at the weak scale are displayed in the last row of Table 3 . The Yukawa couplings (27), (29) are obtained at the Planck scale. Precise values at low energy depend on renormalization group flows, that is, the matter content of models. Thus, we do not try to derive exact values, but we try to fit their orders. Z 6 -I orbifold models have two types of Yukawa couplings,T 1T2T3 andT 2T2T2 . TheT 1T2T3 couplings allow off-diagonal couplings, while theT 2T2T2 couplings are diagonal. Thus, in order to derive a non-vanishing mixing angle, Yukawa couplings for either up sector or down sector must be originated from theT 1T2T3 couplings. In addition, theT 1 sector has a single relevant state for the G 2 × G 2 part, that is, there is no variety for families. That implies that we have to assign matter fields withT 2 andT 3 . Hence, we have four classes of assignments, which are shown in Table 2 states with different values of γ lead to the same magnitude of Yukawa couplings. Thus, the possible number that two flavors are assigned withT 2 states leading to different magnitudes of Yukawa couplings is equal to 6. Similarly,T (4,γ) 3 states with different values of γ lead to the same magnitude of Yukawa couplings. The possible number that two flavors are assigned withT 3 states leading to different magnitudes of Yukawa couplings is also equal to 6. Hence, in Assignment 1 there are 6 × 6 × 6 = 216 possibilities, and Assignment 2 also have 216 possibilities.
For Assignment 3, the down sector of right-handed quarks are uniquely determined when we fix the Higgs and left-handed quarks. There are four possibilities to assign H d withT 2 states. Totally, there are 6 × 6 × 4 = 144. Similarly, Assignment 4 has 144 possibilities. We have systematically investigated all of these (216 + 216 + 144 + 144) = 720 possibilities, varying two independent parameters R 1 and R 2 . We have found several configurations leading to realistic values of m c /m t , m s /m b and V cb . Here we show some examples. Table 3 shows examples leading to realistic values of m c /m t , m s /m b and V cb . The first column shows the class of Assignments. The second column shows assignments of quarks and Higgs fields with twisted states. The value of γ is omitted forT The second and third rows in Table 3 show two examples in the class of 
The fourth and fifth rows in Table 3 show two examples in the class of Assignment 2. The explicit Yukawa matrices for the former are obtained as 
Thus, this also corresponds to a democratic type of Yukawa matrices, and leads to the ratio Y t /Y b = 0.98. We also have several examples leading to similar results in the class of Assignment 2, and the case with O(0.1) of suppressed overall factors is included. The latter, i.e. the example in the fourth row in Table 3 
The sixth and seventh rows in Table 3 show two examples in the class of Assignment 3. The ratio m s /m b may be large by a few factor compared with the experimental values. For the second example of Assignment 3, the mixing angle V cb may be small by a several factor. The explicit Yukawa matrices for the former is obtained as
Recall that the down sector Yukawa couplings are originated fromT 2T2T2 couplings, which allow only diagonal couplings, that is, off-diagonal entries are not allowed in this class. This is a hierarchical form. This leads to realistic values for m c /m t , m s /m b and V cb , but the ratio Y t /Y b is small. If we change the configuration on the SU ( Table 3 shows the best example fitting with experimental values in the class of Assignment 4, but those predicted values do not seem realistic. The mixing angle V cb is too much small. It seems that the value V cb = O(10 −6 ) is the maximum value with keeping the realistic mass ratios, m c /m t = O(0.004) and m s /m b = O(0.02) in the class of Assignment 4.
As results, we have found examples of assignments leading to the mass ratios m c /m t and m s /m b and the mixing angle V cb except the class of Assignment 4. Assignments 1 and 2 seem to lead realistic Yukawa matrices compared with Assignments 3 and 4. It is quite non-trivial to derive reasonable values of three observables m c /m t , m s /m b and V cb by only two independent parameters R 1 and R 2 in models with renormalizable couplings, which can be derived from string models.
So far, we have considered the Yukawa couplings which are induced only for the nearest fixed points. Such approximation is reliable in our results, because our realistic examples are obtained for large values of R i . Actually, we have examined Yukawa coupling contributions due to quite far fixed points. Then we have obtained almost same results.
We can extend the above analysis to the full (3 × 3) Yukawa matrices. For example, we assign three families of Q, u, d as follows, Q :T 
V us = 0.22, V cb = 8.2 × 10 −8 , V ub = 7.1 × 10 −8 , when we take R 2 1 = 36.4 and R 2 2 = 462. In this example, all of mass ratios except m u /m t are reasonable values, and the Cibibbo angle V us is predicted as a realistic value by only two parameters, R 1 and R 2 , but the other mixing angles are suppressed too much, although it is non-trivial to fix seven observables by only two parameters. Similarly, we have investigated all of possibilities, but it seems difficult to fit all of quark masses and mixing angles to be consistent with the experimental values by only two parameters R 1 and R 2 . Some extension is necessary in Z 6 -I orbifold models in order to derive all of quark masses and mixing angles. It may be reasonable that higher dimensional operators can contribute to small couplings 10 like Yukawa matrix entries relevant to the first family, as we assumed in the analysis for (2 × 2) sub-matrices. It is also plausible that loopeffects have non-trivial contributions for some entries. Alternatively, it would be helpful to introduce more than one pair of H u and H d .
Conclusion
We have systematically studied the possibility for leading to realistic values of m c /m t , m s /m b and V cb in Z 6 -I orbifold models. We have found realistic examples including democratic and hierarchical forms of Yukawa matrices. Our result is the first examples to show the possibility for deriving the realistic mixing angle by renormalizable couplings in string models with one pair of H u and H d .
To realize our results, the moduli R 1 and R 2 must be stabilized at proper values. How to stabilize these moduli is an important issue to study further.
One can extend our analysis to other non-prime order Z N orbifold models. Similarly we can discuss Z N × Z M orbifold models, and extensions to nonsupersymmetric orbifold models might also be interesting. Such systematical study will be done elsewhere.
Another important extension is to study the lepton sector. The situation would change for realizing large mixing angles. It is interesting to investigate systematically whether one can obtain realistic lepton masses and mixing angles by renormalizable couplings derived from string models. Such systematical analysis will also be done elsewhere.
